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ABSTRACT

This thesis presents an analysis of the throughput characteristics for several

classes of Aloha packet networks. Specifically, the throughput for variable packet

length Aloha utilizing multiple power levels to induce receiver capture is derived.

The results are extended to an analysis of a selective-repeat Automatic Repeat

Request (ARQ) Aloha network. Analytical results are presented which indicate

a significant increase in throughput for a variable packet network implementing

a random two power level capture scheme. Further research into the area of the

near/far effect on Aloha networks is included. Improvements in throughput for

mobile radio Aloha networks which are subject to the near/far effect are presented.

Tactical Command, Control, and Comnmunications (C3) systems of the future will

rely heavily on Aloha ground mobile data networks. The incorporation of power

capture and the near/far effect into future tactical networks will resul in improved

svslen analysis. design. and perorinance.
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1. INTRODUCTION

United States Department of Defense (DOD) Tactical Command. Control. and

Cominunicat ions (C0) systems of the future w~ill rel heavily oin ground mobile

data networks. These networks nmust prIovide high reliabilit\ and connectivity in anl

environment in which enemy counter- (i3 assets will attempt to disrupt and den\

friendly C3 networks. A great. deal of interest has been focused on Aloha network

architectures for future mobile tactical data systems due to their simplicity and

robustness.

Reseavl 1( i~ A lohia has lbeeii (01 net d sim dwtI ~ earl- v 7I tls f. ]:p. '15:1,11 iIos

of' tis work. Ilowevel !!At Utilized ideal ized clia iiiwl iilodcls, Wli i c is ha>pro

duced a wealthI of inforniatin about t ie genieral cliaract eri-st ic of' A lolia iel works.

it remalins critical that real world conditions be takeni into acconl-iti Fact orh wliicli

- affect Aloha channtels ini the real tactical enivironmnent include fading. .Near/ Ear ef-

fecet poW( 'v cam iivr ( hotl li atnra I and( iniduced), and jamingii.. T'his thlesis presel its

ani~sof' Ncar,/ar effect and Ipow\r (aptu iire onl c ia iii iels vi ilcli eniplor t ie A lolia

iiet work discipjilne.

('ha pters 11 anid III concentlrate onl tile effects of indu11cedl power captilire wint-J

employed as part of a variable p)acket Aloha network. Chapter IV presents anl anal-

Ysis of thle raimnificat ionls of N'ear-/ Ear effect onl three different Aloha configurationls.

\lkii> \\ 1 geared spec(ifically toward grountd mobile data nietwork applicatlonls.



11. POWER CAPTURE ALOHA

Aloha packet networks have been utilized for some time in data communicatilolls

svstems which are composed of many uncoordinated users, each with low data rate

requirements. Recent emphasis on military and commercial grounid mobile data

networks will increase the num-ber of systemns which em-ploy variations of the Aloha

protocol as a channel discipline. Although many, Aloha systemns have been effec-

tively cemploved to date. several variations onl the basic Aloha schieme still remiain

unst tidied. The preponderance of work onl Aloha net work analysis has focused( onl an

Idealized theioretical radio channel. thereby ineglect ing the effect of' real world cia ii-

niel -onditi'ons onl svst en performan ce. It is pa rt icularl y inmportan li o ii cor)orat e

channel c-hariact eiistics int o A lohia an alvsis because. iii cold md icil Ju to i iii nil iul

Ole overal lihrollghpii of' an) Alohaj cliajin] can) act niaill i,1Irise nIIIct cerl ai i cull -

ri ved or natunral I hannel coidi t in> A sWecic example of thi's is thle case of power

ca V ii mc Alohia.

I iot her a rca of' neglect in termis of Aloha net work analyvsis is that of' variable

packl'Alb .A11t honizl mnodel m-esil t s have showil thlat fixed pack t all in] )Iotte

001,. 1 , 4 Oa!wbM. -ij r-ialle packet. tin eIa-

ity of bit stuffing logic InI fact redlnccs thle actual throughput of' these (hisc[1illie. lII

contrast. varia ble packet .-\ohma c-a i be show ii to be a silinple and eflicieiit net work\

disc p lii i(I

Tbis chiapter- introduces and develops the throughput characterist ics of a varia ble

piacket A loh a network whiichi inlcorporat - I ie p~ower capt ure phiellill41i01. F or tllis

anialyvsis. oi]\ clcd (dpit lI s dlim iisslr. although thec kstilt11(8call cailv b4IMl] di It

to1 accollIlludi((1 Ila1181111 (8p idn -1)114 111 o kiI11-



C'reated capture effects occur when groups of users are assigned different I ransinit-

ter power levels III anl effort to cieat e priturl v classes,. or wheii all uesdvi alili.iicl I

select a randomn transmiit j)owe(i' HIi order to Inicre-ase chi i ( thIi rungi ai I r \

ous analysi s of power capture in slotted and fixed packet net works Iias shlown a

dramatic increase in channel throughput over the idealized channel models [R{ef. 2>i

This chapter Investigates the effect of created p~owe(r capt ure withI two ranidomi oe

levels onl anl Aloha network using variab~le lengti p~acke~ts.

A. SYSTEM DYNAMICS

lII this analysis, it is assumed that there i, anl itite user ~oplihit ilon and llt

thet channel traffic rate is Poisson with Ii mrainter .( packet per sewoidI.A~ n

new lv c rt 'ied packetls are of' variale ielii xi i alld arcilelI1t a iil

ideIil icailY v(ist ni at et a((u liig t t Ilie prlo1 thill v dei l. hiw uii W i U .1 %ill 11 (ia

x. \\iliin this model, all chiiiiil packciv ill(,uisiiiiiht.I a

iiewivI airrivedl packets, and( ret ranisi Itul Iiiitikt1ri> I heni ir'il r.(1'v I)iii

frIo I I I (/.I- fo r y packet I I . s it ii itiit alvi ica Il e it, know ii :A thU In I it ,

'IIl 'te lit 11io !i 1 Jickct., iitit'i' Wvniai \\.it all alilj!riral tt.' ioK

whlere xr Is thle t aggedl packet 11it i nejmcilelts tlie randoni leiigtIi 1 i p rett'ilnul

pa t c.ket, amt 7, is th li numer of ,iiierttlil. .g a'kcl H1Rf' '11 Vol. the ca'c of 71 It

his, (ail he iiterettel as lt(e pro)IailiiiY that the tagged packet encounters i(

OVCI lait frtm pl otHiv packel ts l I t(' IW it terial iIS lanu trI I tli .. im tt



case *'li'r no inter-fer-ers call be toler-ated by a tagged pa-cket. equationi (2.1) caii be

viewed as thle pro~bability of successful t aggedl 1 acket tranlsimissioln

ThIiis anal ,-' . I w'ex'er. conisider-s the case whlen a recei \'cr caii I ) ca A i red I i a

tagger! I, cket In the pr~esence of" iicierferiig packets if' the tagged p~acket signal 1)uwer

cxceedls thle Joint signal power- of all interfer-ing packets by some1 speCific cat)t UI~e

thre-shlold. ~).If at anly timei (1uinitg thle taggedI packet interval. th li atio of taggedI

packet p~oweri to Joint Interfering power- falls below %. the tagged p~acket is considercod

to be dest i'o~ed.

I ilike slot ted Aloha wherec th liriinhite of iiertferr is const;ant1 ()\er, III(,n!in

ta-iedl p)atket tiraiisinission Inter-val ( ['giire 2.1(a!). or. fixed fxickct :\lolia wfic Owlt

ililt('re id' Mitirlerers Is a stocliastW Pic OCes made upI of ealy and1 late' in!eb-11L

I actli iz i 2.11 b). the oin1 en(I i! '1' ferer presen t it vanial t c':L

ija ilidre s(ii a stochastic, pr-ocess wlhichi is dr.1i bY folur classes, of ju ('rfcr>l-l .

Fl'i'io 2.11( 1 depicts the loinl possile n11it ctit'is tvp('. 'I iet(' Icliii t'ail]. and itt'

it01fr it' ( Iw,_t 'I i n 1( elm I tinic it I iin r llihp b etweei i al liilcr1 titi aii 11wI aii

Pit( k(.. .I 11itIIt'. tb11tc i itiitI l iiijfjt'tl a> l'i.\ 1\ III in wu *-~nr' .1I I

I h' I'dviaibsI oftlit'I I iiit(ib'ii-it tuclia'.t ii is as, follows-. \Vt littt that t lie

arrival antI ti(par-tire- of ii littiCitii g pack't s prit i0ons th l agn'tl packet iiitcrval

1litt s) ever~ I Tlitl- aVevlaf)I~i MIt'i il a of rarullto ]I I Ii11. 1li erx'.I IInII ltr oft1 lut'>t

ilIicItiIa . -,]v-it at kiiitwii iiiiiltt'r tdl I iii en'! atI l i tCtii'>p(tIIdiiiA, iii! ur ftci

Total Intervals = (number of Late-Late packets)

+ (number of Early-Early packets)



TAGGED 0iI 0 I[TAGGED F I

Interferers Interferers I ntererers

(a) (b) (c)

Figure 2.1: Aloha Interfering Packets

4 2 x (number of Late-Early packets) + 1

Relating this equation to lFigure 2.1(c), it is evident, for instance, that a single Ear lv-

Earlv or Late-Late packet wotull partition the tagger payket into 1 + I intervals. )ne

iut erval occUurs duiri rg the al.bsence of the i nterferer; the other d uring the l~res e ice

of ii itterfered lio a sigle ate- Larlv would partition tac lket '

pa'ket into 2 + I intervals Two of tle paitions would have no interferers presT i

the other prtiFtion would occur during the period of the interfering packet I le

E]arly-l+ate packet covers le cbtire oflirate r of ti tagged +acket aid tlnerefu

(loes niot Irovirl(' any par iiiioniNg.

each interval has associated w.1 it a total ntei of interferers (f,). wher e li, is

he starl time of t le'th d partition dring the tagged packet int erva I. Each uiq

sequice of tota iiterfrs pIn part ition (I(ca,) for all i ohall pe ca led a rializaonlth l.

lfigure 22 deplitis a specific dea intae peli of ihterfering cacketts for a hee iee n - V

packt c ver th eniie(hiatlrt f te tgge paketall] teiffor



TAGGED

#3

*ofInteferers 3 2 1

Figure 2.2: An Example of an Interference RealizAtion

PFor this sp~ecific realization, the tagged packet. total intervals is 5. T11e total uuni ,er

'(,)of interferers Present dulig each interval is indicated at thle bot tom of thle

figuire.

B. MAXIMUM NUMBER OF INTERFERERS

A compepi ruograuiu (Ap~pend(ix A) was written to generat ea list ofee ossihie

uteifeii ig realization for a gi ven 71. Froin this list of all p)ossible realizatIions, tie

numhler o)f realizations ((~', ) in which thle miaxiiuuu number of jut erferers presentl

at a nv time dutring thle t agged p acket initervalI does not exceedl SomeC ur iilwr ji wa

talliedl. Table 2.1 gives the results for n =1,.2, 3,,1,5.

An examuiple of how one would generate a C, (7? ) valhue Is as follows. ( Ths idhi

t he simiple case of ii = 1. In this case, onily four real iza tionls a-re possI h e, nimel

lhe li tterferiig pac(ket can be aii Fa rly'- [arlY, E'arly- Late, Laf- an rI- LatIe- Late.

(omutilng withI this simiiid exaiut)I. it (Call be seen1 that giVen1 there is I 10)(M-1



, 0,(,) C2(71) 03(7) C.(7) C5(1) 1 r f(7)
1 4 0 0 0 0 4 0.25
2 4 10 0 0 0 14 0.0714
3 ,4 24 20 0 0 48 0.0208

4 4 50 75 35 0 164 0.0061
5 4 100 225 176 56 561 0.0018

TABLE 2.1: Maximum Number of Interfering Packets Given n

interferer, there is no realization where the maxinun number of simultaneous in-

terferers during the entire duration of the realization is less than or equal to j = 0.

In fact, in this example, the maximum number of simultaneous interferers for ea.ch

of the four possible realizations is 1. Therefore, the value of C (n) for n = 1 is 4

as seen in Table 2.1. For the case of n. = 2, there are 14 combinations of 4 packet

types taken 2 a.l a time. These 14 pairs of interfering packets generate 11 unique

realizations. Of these 1.1 realizalions, 4 have a maximiiumn simultaneous numiiiber of

interferers of 1, and 10 have a maximum of 2 interferers. The program in Appendix

A is used to automate the process of generating combinations of packets, construct-

ing the resulting realizations, and determining the maximum number of interferers

per realizationi. 'Fable 2.1 is the result of the program.

Each Cj(n) gives tile number of realizations in wlhich the maximum number of

inlerferers at almv ti, me eqials j, given the total m bmumer of inierfering pa(keIs is

7



known to be n. The function IT is simply the total number of all possible realizations

given n packets are known to interfere. The function f(n) is the inverse of IT and

is simply used as a shorthand notation for 1/IT.

C. VARIABLE PACKET ALOHA WITH RANDOM POWER LEV-

ELS

Data packets arrive at the receiver after being spatially attenuated. Each packet

is transmitted with one of two normalized power levels given by the set Q1 { 1, M }.

Here, Al is some integer multiple of the threshold -to times the lower power level

P = 1 (normalized), that is M = Nj where N is an integer greater than 1. Each

user selects a transmit power level for each individual packet from the set Q with

equal probability ! in order to avoid any class prioritization among user groups.

The higher power level If is chosen according to the relation

(+ - 1 ) >I A > 'N",, (2.2)

where .V > 1 is an inleger and m is the power capture threshold of the receiver.

The tagged packet. arriving at the receiver with power P, E { 1, Il } may capture

the receiver given a realization of n interfering packets if and only if

1(t,)
Pt > 77ax[jZ Pj (2.3)

3=1

for all intervals (I's) in the realization where P, is the power level of packet j.

For a tagged packet to capture the receiver, two events must occur. First, the

tagged packet must be of power Al while none of the interferers are of power I.

Call this event A. then

1(2.1



The second condition for capture is that the tagged packet must satisfy (2.3) where

Pt = Al and all P. = 1. Given a specific realization, this equates to

N > max(I(ti)) (2.5)

The value N is therefore the maximum number of interferers that can be tolerated

at any instant of time during the tagged packets transmission interval. If event B

denotes the tagged packet power satisfying (2.5), then

Pr{BIn} = f(n)Y Cj(i) (2.6)
J=0

where C,(n) is the number of realizations, given 7? interfering packets. in which the

maximum number of simultaneous interferers equals j. Table 2.1 provides a list of

C,(71)'s and the inverse .f(n ) of the total number of possible realizations given it

interfering packets.

By using equations (2.4) and (2.6) the conditional capture probability Pr{cupt,'r( In }

is obtained.

Pr f{capti r(,.,I = 0} = (2.7)

Pr{caplaur,.u, > 1) = Pr{Ajn,,r1-{j3i I (2.8)

f(, )2 - I'+1) C(,) (2.9)

The overall probability of receiver capture by a tagged packet is found by mul-

tiplying the conditional probability in equation (2.9) by the probability that there

are n packets in the channel, and summing over all n. Equation (2.1) provides the

probability of ii packets. therefore. the probability of receiver capture by a tagged

packet which shall be called the probability of success is

• I Camlla imean iani lnl l l~l It i



OC (+I,[g(X + u )I~n
Pr{succ} = C -K(+)[1 + E f(n)2- ' ) ( +  C2 (n)] (2.10)

n=I 
7 j=

The conditional channel departure rate in the interval x + u is given by Reference 3

to be

6(x, u) = g(x + u)Pr{success} (2.11)

Tile channel throughput S, in packets per mean packet time, is related to the channel

departure rate by

S j j -9(x, u)a(x)a(u)dxdu (2.12)

Define G to be the attempted packet rate in packets per mean packet time (i.e.

; = g). Appendix B contains the detailed solution of the above equation. The

resulting channel throughput is found to be the following:

G(; 1 ??(?l + 2) )Cn + ) 3 n)( + )3 - f- (n) G.f 1 (G + - C, (n) (2.13)

.3 (n+2) .(.3

(G+1) n=1 j=O

Figure 2.3 shows the throughput of variable packet Aloha with random two power

signal for values of'.V = 0,1,2.3. Packet lengths are exponentially distributed and. for

computational purposes. i is taken to be between 1 and 5. The curve corresponding

to A' = 0 is for conventional variable packet Aloha.

10



VARIABLE PACKET ALOHA WITH POWJER CAPTURE
0.2

0.18

0.16

UN=3
0.14

0.12

0.0

.0

0 0.5 1 1.5 2 2.5 3 3.5 4

CHANNEL TRAFFIC RATE - G

Figure 2.3: Throughput of Variable Packet Aloha With Power Capture
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III. SELECTIVE-REPEAT ALOHA WITH
CAPTURE

To continue the study of variable packet Aloha, the results of the previous chapter

are now applied to a more advanced Aloha network which incorporates selective-

repeat as a data link control.

The specific architecture discussed here is a network where remote terminals com-

municate with a hub station via an Aloha channel in the query-response mode, The

feedback hub-to-remote link is ani asvchronous time-division-multiplexed (ATDM)

channel. Each remote terminal receives the same data stream and selects applicable

packets by searching for its own address.

Assume that packet length of newly arrived and retransmitted packets in tile

Aloha channel are indepejndent and identically distributed with probability density

function a(x) and with mean Y. In this model, packets are indistinguishable. Both

newlv arrived packets and retransmissions can be pictured as having their length

redrawn afresh from a(x) prior to each transnission.

Packets in the ATDM channel are independent and identically distributed withI

density function b(y) and mean 7.

Variable packets on the Aloha channel are broken up into z numbered and con-

stant length minipackets prior to transmission. When packet damage occurs. only

the specific minipackets which are unreadable are retransmitted. Let D(z).z =1.2...

be the distribution of the minipackets. On the average, each large packet is seg-

mented into - hiil)ackets.

12



Let the channel attempted packet rate be g packets per second and Zg the channel

attempted rate in minipackets per second. With m being the fixed length of a

minipacket, the attempted channel rate in minipackets per minipacket time is rng.

The conditional probability P, that a minipacket encountered no collisions is the

probability of no overlap from preceding packets and that the next interarrival is

larger than tie minipacket size m. Thus

Ps(z) = J-2(mz+rn) (3.1)

In a capture environment, however, P, must take into account the times when the

tagged packet captures the receiver in spite of the presence of n interferers. There-

fore. using equation (2.1) from the previous chapter. the probability of minipacket

success is

P ,9 ( z+ ? + ,f , )[ ( , ,+ )]n N

P5(s) [ ( + ± f~ij)2 - - - C1(:,)3 (3.2)
7,= 71.! - =0

The conditional probability of successful minipacket transmission is

qz. y) = P.(:)[1 - p(i )][I - P2(Y)] (3.3)

where pl(in) is the minipacket error probability due to errors in the Aloha channel

and P12(y) is the error rate in the ATDM channel. The conditional minipacket

departure rate in the interval of : + 1 ninipackets is

o, (z. y) = mg(z + 1)q(z,y) (3.4)

The average minipacket throughput is given by the following equation:

: 3 o,,(Z.y)dY (3.5)

1 3



Assume that each packet consists of a geometrically distributed number of fixed

length minipackets, then the distribution D(z), which is the probability that a packet

consists of z minipackets. is defined as follows.

D(z) =(1 - ,)Zlp (3.6)

where u is the probability that a minipacket is generated. Because - D(z)

can be written as

D(z) = (1 _ (3.7)

Appendix C provides the detailed solution for the tLhiughput equztiiou. The

resulting rather lengthy set of equations is as follows:

G cG (1 -p(m)) h(n)- 2 ['F(n)R(,) - 3] (3.8)z~l ,n=1

- G,"2(O - ,')(1 - Pi(1?l))3oG4 = 2( . 1 ,(7) (3.9)
:(:+ 1)u 2 (1 - t,)2

Fn)(1 - )(t+)( + 1)! (3.10)

t r-i

1(n) - ," Z(-1)kE(k. r) (3.11)
r=1 k=O

(r -k )t
E(kr) = 3.12)!( t - k + 1)!

G rn.q (3.13)
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G' N
h(72) f(n)2- ('" 1-)!(+) EC(n) (3.14)

1 (G) (3.14)

v = (1 - :)e-(Z)  (3.15)
z

w - (1 1) (3.16)
z

k= z 1 (3.17)

I = n + 1 (3.18)

Figure 3.1 }'lws the throughput for the variable packet Aloha with selective-

repeat data link control. The parameters are: pl(m) = 0. p 2(m) = 0, x and y are

both exponentially distributed. TY = , and T= S minipackets.
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SELECTIVE REPEAT WITH POWER CAPTURE
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0.1

0.05
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Figure 3.1: Throughput of Selective-Repeat Aloha with Power Capture
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IV. NEAR/FAR EFFECT ON ALOHA
MODELS

This final analysis chapter deals with a network p~henomenon which is specific to

mobile packet radio networks that do not incorporate adaptive control of term-inal

transmit power. The near/far effect is a condition which occurs when packets arrive

at a receiver with different mean power due to differences in transmission distances.

Unider these conditions, a taggedl packet may be able to capture the receiver. ini spite(

of interfering packets, if the tagged packet power is sufficiently greater than the joinlt

power. of t lieiilt erleCriig" packet s. Because eachi packet is spat ially attenuated dtin

to t lie near/far effect. all p)ackets hiave a finite proha biit y of capturingf tile receiVer.,

fhie throughipt cliar-'ct (ri :t ics of, various A lohia iel wor-k coiifigulratlonls whi id11 are

subject to t ie neai! tar eff'ci ar'en rvcd and present ed.

A. CELL MODEL

'11wl( Imean power u'r of' a pac(ket at at distaiice i- fron t flie traniinitt en is of tble

general fori

lIn thle event of' groui id- wav(' prop)agat ion wit hioiit shadowing.f

7~ 7'T G 12 H (4.2)

wbere P-1 - G T,. and 1II1, ar(' thle tralliruit power. antenna gain, and antenna hecight

above groun d ). nespct ivev of' t lie trarlsii t ing ii ioble( temii na I. 'Ihc vallle (4'

al)id I][ are( t ie gain a 11( height ab~ove ground of the base stat ion anitennla. 'I Ile

17



exponent a gives the attenuation law for the channel considered (2 < a < 5). In

the event of UHF propagation, a typical value is a = 4 [Ref. 3 :p. 264].

Assuming identical mobile terminals and omnidirectional antennas c is normal-

ized to unity for all users without loss of generality since receiver capture power is

determined by the ratio of signal powers [Ref. 3:p. 264]. Additionally, the value of

a in this analysis is taken as 4.

In this model, signal power depends on the spatial distribution of users in the

network. Users create a traffic density g(r) within a circular cell around a base

station receiving node. The density g(-) can be thought of as the normalized packet

traffic per unit area at a distance 7- from the base receiver. The packet generation

rate IiI a given area depends on the distance to the base station 7- and is independent

of direction. Given this cell model, the total traffic rate offered in the network can

be described at

G = 2 , xq(,)dxr -1.3

Figuii re 1.I depicts tle general cell model used in this analysis.

Ille spalial (list ri but ion of packet generation is found to be the probalbililv a

packet is gener(Te I wC ithill a distanlce R?. That is to say

P < r} = 2, xg(.r )d. (1.-)
G Jo

)ifferentiating. tlie probability density function for packet generation is found to

fr) = ,rq(r) (-4.5)

• • m mG



Base Station

(TDII)

Figure 4.1: Cell Model for Near/Far Effect, Analysis

As a nicans of simiplificationl. u~sers are assumed to b~e umuiformlY dis-trihuilled 111 a1

cm rcle of radius , ~ wth Ie B e e lvlng stationl at the center of the coll as showl)

inl Figrev .4.2. As sen 'In F 1guire 4.2.!/(?r) is norvia] zc(l to ( 7/7rj,. for. (< 7K < K v, 1 T

1.IomlB tis, tHie equla tion s for the total network trafhic anmd p~acket genera t lolll'(I red

to

2

for 0 <K- rm .

A standard change of variable operation is performed on equationls (.1.1) and (4(i)

to dlefineI a prob~abi lity demlsi Iv function for tle packet power~ tv.



g(r)

G- _2

max

r
0 r

max

Figure 4.2: Distribution of Users Within the Cell

oGW (4.8)

for r-' < w < o.

At this point, the network cell model has been described with the distribution

of packet generation given by equation (4.6) and the packet power density function

given by equation (4.7). The near/far effect is now incorporated into the model.

B. NEAR/FAR EFFECT

In a phenomenon which is similar in many respects to the power capture case

described earlier, the near/far capture occurs when the ratio of a tagged packets

power to the joint interfering power exceeds some receiver capture threshold. Again,

the number of initerferers during the tagged packets transmission is a stoclhastic

process. The capture ratio is described as

20



Z X (4.9)
Z,°7

where X is the packet power of the tagged packet and Y is the joint interfering

power of some number n interfering packets. As in previous discussions, the receiver

is captured if the ratio described by Z exceeds the threshold given by the parameter

-i0.

The distribution of X is simply the single packet power density function given

in (4.7). The joint interfering power density Y is dependent on the number of

interferers and is given as

.f (yI,) = [h (w)]' (4.10)

where w-. denotes the u-fold convolution. For the cases of n = 0 and n 1. no

convolutions are required to deterinine f-(y). For higher numbers of interferers. a

computer based convolution package is used to generate specific values for .fy(yIn).

Appendix D provides details on the analytical result for the case of 71 = I and ihe

numerical results for n = 2. 3.

Vtilizing the densitv functions for X and Y . the distribution of Z can be found

usilig the fOllowiug forniula.

.fz(:z,,) = f y.fx(yz)fy(y{n)dy (4.11)

The capture probability, that is the probability that Z exceeds the receiver thresh-

old -Io given 7 interferers. is fouid by integrating fz(zln) from to X.

Table 1.1 presents the probability of capture given n interferers for the range

0 < 71 < 4. Although the case of = 1 is in a closed form with parameter . all

subseqIllenlt captilre probali lilies assiume a value of - = 3.
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2 0.057
3 0.022
4 0.010

TABLE 4.1: Capture Probabilities

TIhe limited l ist, of cal)ture prob1ab~ilities listed in Table 4.1 is sufficient, to prio\ide

excellent resolution of the thiroughiput characteristics for the Aloha models discussed

in thle following sections. T1he p~rolbability of capture for cases where there are greater

than 4 interfering packets is so small as to be conlsidlered insignificalfl

C. ALOHA NETWORK MODELS

Three common Aloha mnodels are analyzed with resl)Cct. to the iniproveiiienl in

overall network throughput. gained fromn the iieax/far effect. In each case, thle general

dlefini tioni of throughput is

S- Ghr succcss} (1.12)

which in a cal)thire environment can be viewed as

22,



-G Pr{captureln}Pr{nl (4.13)

The following sections use this approach to determine the network throughput for

slotted and fixed packet Aloha networks. Variable packet Aloha is analyzed in the

same general manner as was done in Chapter I for power capture.

1. Slotted Aloha

For slotted Aloha, the probability that n packets are generated during a

given packet time is given by the Poisson Distribution [Ref. l:p. 255]:

Pr f -=Gn CG (4.14)

Therefore. the general form for the throughput in a slotted Aloha network with the

near/far effect is

Gn - G
S-= C; ZPrf{capturclnI (4.15)

7i=O

Using the Pr{ca p/hu-cl} values iH Table 4.1. the throughput S is calculated and is

shown in Figure 4.3.

2. Fixed Packet Aloha

The number of packets generated during a given packet time in a fixed

packet, network is given bY [Ref. 4 :p. 11]:

(2G) 2G (4.16)

resulting in a thiroughput of

- (2 G;)' 2

G, In f' capt ar( 4 C)
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SLOTTED ALOHA WITH NEAR/FAR EFFECT
8.6

0.4 N=I

. 1 12.3 3-N=4

2.2•

0 .5 1 1.5 2 2.5 3 :3.5 4

CHANNEL TRAFFIC RATE -G

Figure 4.3: Slotted Alohia With Near/Far Effect
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FIXED PACKET ALOHA WLITH NEAR/FAR EFFECT
9.3

0.25

:2

N-1
CL .15 :

Z:N:

0 0.5 1 1.5 2 2.5 3 3.5 4

CH]ANNEL TRAFFIC RATE -G

Figure 4.4: Fixed Packet Alohia With Near/Far Effect

Again, uising the mn nrica I resuilt~s for the prob~abi lit v of ca1 )ttive giveni In 'I'a hie

4.1 , tile throtighput is calculated anid is depicted in Figurle 4.4.

3. Variable Packet Alohia

Thlis analysis is very simila~r to thle work presented in C1hapter 11 and(

therefore the variable names uised here are the samne. First, tile probability of suiccess

for a tagged packet is defin~ed a~s

P5(X, V) E P?'{capt71?rCj?? } e9t"') ( +)
n=C)7!(.8

25



For this analysis, perfect channel conditions are assumed in order to simplify the

calculations. The conditional probability of a successful transmission in this case is

seen to be

q(x,u) = P,(x,u) (4.19)

The conditional channel departure rate in the interval x + u is

O(xu) = g(x + u)q(x + u) (4.20)

From this., the channel throughput can be calculated from the following equation:

= o(x, u)a(x)a(u)dxdu (4.21)
2 Jo Ju

Take the case where a(x) and a(u) are exponentially distributed, the above equa-

tion simplifies to

C; G n( + 2)p,
'- ( + +  "2) Pr{capturFjn}GG+'(G+ i )- (n + 3

) (4.22)

Using the numerical results for Pr{capturcl)} given in Table 2.1. the throughput

for variable packet Aloha with Near/Far effect is shown in Figure 4.5.
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VARIABLE PACKET ALOHA WITH NEAR/FAR EFFECT
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Figure 4.5: Throughput for Variable Packet Aloha With Near/Far Effect
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V. CONCLUSIONS

This thesis has demonstrated the effects of induced two level power capture on

variable packet Aloha networks and the effects of the near/far phenomenon on var-

ious Aloha configurations. In all cases, significant improvements in overall network

throughput were achieved.

The development of highly reliable Tactical data systems of the future depend

onl Aloha as a multiaccess scheme for ground mobile terminals. It is critical that

these networks be allowed to achieve their maximum potential. Given tile increased

reliance on tactical data communications. Aloha networks which provide the maxi-

mum user throughput possible. even in a jamming environment, must be developed.

The increases in overall network throughput presented in this thesis indicated

the improvements in performance which can be realized when power capture and

the near/far effect are incorporated. As seen in Chapter 2. induced power capture

increased the network throughput of a variable packet Aloha network from 0.14x

packets per mean packet time in the idealized case to 0.181 in a capture envirune.

Utilizing the selective-repeat data link control with power capture variable l)acket

Aloha increased throughput from a maximum of 0.256 to about 0.354. In the filial

analysis chapter. improvements in throughput for slotted. fixed packet and variable

packet Aloha which incorporated the near/far effect were presented.

Continued work in the area of Aloha network analysis will be needed ill order

to develop the high capacity, high reliability tactical data networks required in the

future. Incorporating power capture and the near/far effect into future designs will

result in better systems analysis and design for these tactical mobile network:.



APPENDIX A

{ PROGRAM CJ }{ }
{ Joe McCartin, January 1989 }

{ Turbo Pascal - IBM PC }

{ Description: }{ }
{ This program is designed to generate all }
{ realizations of interferers given n packets are }
{ known to interfere. Using the realizations, a }
{ table of Cj(n) values is compiled. This program }
{ is geared specifically toward the purposes of this }
{ thesis and is not a general purpose program. }{ }

program cj (filevar, output);
const

maxintervals = 11:
matrix-length = 1024;
cj-matrixdim = 10;

type
realization-vector = array [l..maxintervals] of

integer;
realization-matrix = array [l..matrix_length] of

realization-vector;
cjvector = array [l..cj-matrix-dim] of integer;
cjarray = array [1..cjmatrix_dim of cjvector;
index = array [1..4] of integer;
comb-matrix = array [1..220] of index;

var
realization-x,
realization-y:realization-matrix;

vector:comb-matrix;
vector-length:integer;

act ive-matrix,

activematrix-length:integer;

cjmatrix:cjarray;



init-interferers,
max~interferers,
min.>nterferers,
num..intervals,
final-interferers :integer;

1,

runs: integer;

file-name:string[iO1;
filevar :text;
outfilevar :text;

ans :char;

archive: boolean;

{INITIALIZE..CMATRIX}

{Tabulated values of Cj's are kept in a square matrix}
{defined by the dimension cj..matrix-dim. This proc }
{initialize this matrix which is called CJ-MATRIX. }

procedure INITIAL IZECJATRIX;

var
1,

j :integer;

begin
for i:= 1 to cj..matrix-dim do

begin
for j:= I to cj-.matrixdim do

begin
cj-.matrix [i,j] := 0;

end;
end;

end;

{INIT-REALIZATION-MATRIX}

{In this program, realizations are generated one }
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{ interval at a time until the entire realization is }
{ constructed. For each interval, a matrix of all }
{ known realizations is read. Additions to these }
{ partial realizations are then placed in a different }
{ matrix. This proc initialize both of these }
{ matrices. }{ }
{********************************************************

procedure INITREALIZATIONMATRIX;
var

i,

j:integer;

begin
writeln ('INITIALIZING REALIZATION MATRICES ');
writeln;
for i := 1 to matrix-length do

begin
for j := I to maxintervals do

begin
realization-x[i,j] 0;
realization.y[i,j] 0;

end;
end;

writeln ('INITIALIZATION COMPLETE');
writeln;

end;

{ }
{ COPYX_TO_Y }{ }
{ This procedure copies the contents of realization }
{ matrix X into realization matrix Y. }{ }
{*******************************************************}*

procedure COPYXTOY ( x,y:intcg-r;
var

,:integer;

begin
for i := 1 to maxintervals do

realization-y[y,i] := realization-x[x,l];
end;

{********************************************



{ }
{ COPY_Y_TO_X }{ }
{ This procedure copies the contents of realization }
{ matrix Y into realization matrix X }{ }
{*********************************************************

procedure COPY_Y_T0_X (y,x:integer);
var

i:integer;

begin
for i := 1 to max-intervals do

realization_x[x,i] := realization-y[y,i];
end;

{ }
{ PRINT-MATRIX }{ }
{ Printmatrix prints out the most recently updated }
{ realization matrix (X or Y). If the flag MATRIX is }
{ set to 1, then the REALIZATIONX was the last }
{ updated and is subsequently printed. If the flag }
{ is not 1, the Y matrix is printed. If the }
{ diagnostic flag ARCHIVE is true, output goes both }
{ to the screen and to the data file OUTFILEVAR. }
{ Else, output is to screen only. }{ }

procedure PRINT-MATRIX (matrix, length, width:integer);

var
i,
j:integer;

begin
for i := 1 to length do

begin
writeln;
if archive then

writeln (outfilevar);
for j := I to width do

begin
if matrix = 1 then

begin
write (realization-x[i,jl);
if archive then
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write (outfilevar,
realization-x[i,j]);

end
else

begin
write (realization-y[i,j]);
if archive then

write (outfilevar,
realizationy[i,j]);

end;
end;

end;
writeln;
if archive then

writeln (outfilevar);
end;

{******************************************************}*
{ }
{ GENERATE-REALIZATIONS }{ }
{ This procedure produces a matrix containing all }
{ possible realizations given an initial number of }
{ interferers, a maximum number of interferers, and }
{ the total number of intervals. A tree method is }
{ employed to build up a realization one interval at }
{ a time. The first interval contains the initial }
{ number of interferers. This partial realization }
{ is placed in a realization matrix. On the next }
{ pass, the partial realization is read and the next }
{ interval is added to it. These realizations are }
{ then placed into another realization matrix. This }
{ process continues until all intervals have been }
{ filled in for all realizations. }
{ }

procedure GENERATEREALIZATIONS (init-interferers,
max-interferers,

numintervals,
min-interferers:integer;

var activematrix:integer;
var active-matrix-length

:integer);

var
temp,
i,
j,
k,
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x-.list-length,
y-.list-length,
interval-count integer;

begin

writein ('GENERATING REALIZATIONS FOR ',maxinterferers,'
MAX INTERFERERS AND ',num-intervals,' INTERVALS');

{ writein (initjinterferers,' ',max-interferers,'
,num-intervals,' ',min-interferers) ;}
writein;

if archive then
begin

writein (outfilevar);
writein (outfilevar,

'REALIZATIONS*******')
end;

realization.x[1,1] :=mit _interferers;
xjlist-length 1;
interval-_count 1;
active-matrix 1;
active-matrix-length :=1;

while interval-_count < nurnintervals do
begin

y..listlength :=0;
{ writein ('within x to y loop');}

for i 1= to x_ list-_length do
begin

if realization-x[i ,interval-count] <
max_ interferers then

begin
y-.listlength :=y.list-length + 1;
copy-x.to-.y (i,yjlist-length);

realization-y[y-listjength,interval-count+1]
realization-x[i,interval-countll;

end;

if realization-x[i,interval-countl >
min..interferers then

begin
y-.list-.length :=y-ist.length + 1;
copy-x-to-.y(i,ylist-length);

realization..y[y-list-ength,interval.count+lI
realization-.x[i,intervalcount]-l;

end;



end;
interval-count :=interval-count + 1;
active-matrix :=2;
active-.matrixlength :=y-ist-length;

x-list-length :=0;

if interval-count < num-intervals then
begin

for k :=1 to y-listilength do
begin

{ writeln (' within y to x loop');}
if realization-.y[k, interval-countl

< max-interferers then
begin

x-list-length :=x-list _length
+ 1;

copy-y-.tox(k,xlist-length);

realization-x[x-list-length,interval-count+1]
realization..y[k,interval count]+l;

end;
if realizatiom..y[k,interval~count]

> min-interferers then
begin

x_ list-length :=xlist-length
+ 1;

copy-yto.x(k,x-list-length);

realization.x[x-list..length, interval..count+1]
=realizat ion-y [k,interval-count] -1;

end;
end;

interval-count :=interval-_count + 1;
active-.matrix :=1;
active-matrixjlength :=xlist-length;

end;

end;
writein ('There Were ',active-matrixjlength,'

Realizations');
if archive then

begin
writeln (outfilevar,'There Were

',active-matrixjlength,' Realizations'); end;
if active-matrix = 1 then

printmatrix (1 ,active ratrix-length,
interval-count)

else
print-matrix (2,activejnatrix-length,

interval-count);
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end;

{ }
(FILTER }{ }
{ This procedure accepts a realization matrix which }
{ contains all possible realizations given a specific }
{ combination of interferers. Each realization in }
{ the matrix is checked for the invalid condition of }
{ overcount. An overcount occurs when a realization }
{ has indicated that a certain number of interferers }
{ has departed but yet somewhere in the realization }
{ the interferer count goes beyond the count of the }
{ remaining interferers. Realizations which are }
{ filtered out ire discarded. All good realizations }
{ are placed into the currently inactive realization }
{ matrix. }{ }

procedure FILTER (var length:integer; intervals,
interferers:integer;

var active-matrix:integer);

var
i,

j,
P3
max,
num-final-interferers:integer;

invalid-realization:boolean;

begin
writeln;
writeln ('FILTERING THE REALIZATION MATRIX ');
writeln;

j := 1;

if active-matrix = 1 then
begin

active-matrix := 2;
for i := I to length do

begin
invalid-realization := false;
num-final-interferers :=

realization-x[i,intervals];

• . .I I l l I I I;



if num-final-interferers = interferers then
begin

if intervals > 2 then
begin

max := max-interferers;
for p := I to (intervals - 1) do

begin
if realization.x[i,p] >

realization-x[i,p+1] then
max := max - 1;

if realization-x[i,p+1] > max
then

invalid-realizat ion
true;

end;
end;

if invalid-realization = false then
begin

copy.xto-y (i,j);
print-matrix(2,j);}

j := j + 1;

end;
end;

end;
end

else
begin

active-matrix := 1;
for i := I to length do

begin
invalid-realization := false;
numfinalinterferers

realization-y [i,intervals];

if num-final-interferers = interferers then

begin
if intervals > 2 then

begin
max := max-interferers;
for p := 1 to (intervals - 1) do

begin
if realization-y[i,p] >

realization-y[i,p+1] then
max := max - 1;

if realization-y[i,p+1] > max
then

invalid-realizat ion
:= true;

end;
end;

if invalid-realization = false then
begin



copy.y..to..x (i,j);
{ print-.matrix (1,j);}

j := j + 1
end;

end;
end;

end;
writeln;
writein ('THERE WERE ',j-1,,' VALID REALIZATIONS FOUND');
writein;
if archive then

begin
writeln (outfilevar);
writein (outfilevar, 'FILTER***********)
writein (outfilevar,'There Were ',j-1,' Valid

Realizations');
end;

length := j-1;
print-matrix (active-matrix,length, intervals);
writeln;
if archive then

writein (outfilevar),
end;

GET.Cj}

{GET-Cj reads in all valid realizations individually}
{and determines the maximum number of interferers }
{in each realization. A tally is kept of how many }
{realizations have a given maximum number of}
interferers.}

procedure get-cj (activematrix, activematrixjlength,
n: integer);

var
1,

max: integer;

begin
writeln ('FINDING Cis FOR A REALIZATION WITH ',n,'
PACKETS');

if archive then
begin

:1 '



writein (outfilevar);
writein (outfilevar,'CJ CALCULATION *****)

writein (outfilevar);
end;

for i 1= to active-matrix-length do
begin

if active-matrix = 1 then
begin

max :=realization-.x[i,1];
for j :=2 to max-jintervals do

begin
if max < realization-.x[i,j] then

rnax :=realization-x[i,j];
end;

cjmatrix [n,maxl : cj-matrix [n,max] + 1;
if archive then

begin
writein (outfilevar);
writein (outfilevar, 'MAX FOR THIS PASS

IS ',max);
writein (outfilevar,'CUMULATIVE MAX FOR

1=',max,' IS ',cj...natrix[n,max]);
end;

end
else

begin
max :=realization y[i,1];
for j:= 2 to max-intervals do

begin
if max < realization-y[i,j] then

max :=realization-y[i,j];
end;

cjmatrix[n,max]: cj-matrix[n,max] + 1;
if archive then

begin
writein (outfilevar);
writein (outfilevar, 'MAX FOR THIS PASS

IS ',max);
writein (outfilevar,'CUMULATIVE MAX FOR

1=',max,l PKTS=' ,n,' IS
',cj..matrix[n,max]);

end;
end;

end;
end;

PRINT-.CJ}



{ }
{ This procedure prints out the matrix of Cj values }
{ constructed by the procedure GETCj. }{ }

procedure PRINTCJ;

var
i,
j integer;

begin
writeln(' I 1 2 3 4 5 6 7 8 9 10');
for i:= 1 to cj-matrix-dim do

begin
write (i,' N';

if archive then
write (outfilevar,i,' I');

for j:= 1 to cj-matrix-dim do
begin

write(' ',cj-matrix[i,j],' ');
if archive then

write (outfilevar,' ',cjmatrix[i,j]);
end;

writeln;
if archive then

writeln (outfilevar);
end;

end;

{******************************************************}*

{ COMB }{ }
{ Given a total number of interferers, every }
{ combination of interferer packet type must be }
{ determined. This procedure accepts the total }
{ number of interferers n and generates every }
{ combination of the four interferer types which }
{ add up to the total n. This is basically an }
{ enumeration of the number of combinations of 4 }
{ things taken n at a time. This algorithm is }
{ derived from Reference 7. }{ }

procedure COMB (n,k:integer; var r:index; var mtc:boolean);
label 10, 11, 15, 20, 30, 31;

1(1



var

W,

X,

Z,

1: integer;

begin

10: it mtc = true then
begin

goto 20;
end

else
begin

r[11 := n;
t : n;
h := 0;

11: for 1 := 2 to k do
r[l] : 0;

15: if r[k] = n then
mtc : false

else
mtc : true;

goto 31;
20: if t > 1 then

begin
h := 0;

end;
30: h := h + 1;

t : r[h];
r[h] := 0;
r[l] : t - 1;
r[h+1] := r[h+1] + 1;
goto 15;

end;
31: 1 :I;

end;

{******************************************************}*
{ }
{ GET-COMBINATIONS }{ }
{ This procedure controls the execution of the }
{ procedure COMB and generates the values w, x, y, }
{ and z. These variables correspond to early-late, }
{ early-early, late-early, and late-late packets }
{ respectively. All combinations given a total }
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{number of interferers n are placed into the matrix}
vector.}

procedure GET-COMBINATIONS (var vector:comb..matrix;
n:integer; var vector-length:
integer);

var
1,

W,

z: integer;

mtc :boolean;

v: index;

begin
for i :=1 to 4 do

v[i] :=0;

i :=0;
mtc :=true;

if archive then
writein (outfilevar, 'COMBINATIONS

while mtc do
begin

if i =0 then
mtc :=false;

i :=i + 1;
comb (n,4,v,mtc);
for j :=1 to 4 do

vector[i,jl : v~ji;
w v[1il
x v[21;
y v[;
z [ ;

{writeln (w,' ',x,' ), y') ',Z);}
if archive then

begin
writeln (outfilevar,w,' ',x,' ),y,) ',z);

end;
end;

vector-length:=i
if archive then
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writeln
(outfilevar,'*********************************');

end;{*******************************************************}
{ }
{ MAIN }{ }
{ Program execution begins with a query for an }
{ archive data file. If the archive option is chosen }
{ all screen I/0 will be echoed to the file given. }
{ The next program query is for the maximum number of }

Dackets. n. The program will then generate all }
{ combinations of interferer packet types for a given }
{ value of n. Each combination is then fed one by }
{ one into the GENERATE-REALIZATION procedure where }
{ all possible realizations are generated. This list }
{ of realizations is then filtered by FILTER to cull }
{ out invalid realization2. A matrix of valid }
{ realizations is fed to GETCj in order to generate }
{ the Cj table. This process is repeated for all }
{ values of n between 1 and the maximum given by tie }
{ user. }{ }

begin
archive := false;

write ('DO YOU WANT A DATA ARCHIVE (y or n) ~> ');
readln (ans);
if ans = 'y' then

begin
archive := true;
write ('ENTER DATA FILE NAME -> ');
readln (file-name);
assign (outfilevar, filename);
rewrite (outfilevar);

end;

write ('ENTER THE MAX # OF PKTS PER REALIZATION -> ');
readln (runs);

initializejc _matrix;
for n := 1 to runs do

begin



for i 1 to 220 do
for j 1 to 4 do

vector[i,j] :=0;

if archive then
begin

writein
(outfilevar, '***********************

writein (outfilevar,'NUMBER OF PACKETS 1,)
writein;

end;

get-combinations (vector,n,vectorjlength);
for i := 1 to vector-length do

begin
init-interferers vector[i,1]+vector[i,2];
final-interferers vector [i,l]+vector[i,4];
max-interferers :=vector[i,1] + vector[i,2] +

vector[i,3] + vector[i,4];
niin-interferers := vector[i,1];
num-i.ntervals :=vector[i,2] + 2*vector[i,3] +t

vector[i,4] + 1;

if archive then
begin

writein (outfilevar);
writeln (outfilevar);
writein (outfilevar,-------------------------------
writein (outfilevar);
writein (outfilevar, 'PACKET CONFIGURATION IS ',vector[i ,1],

) ,vector~i,2],' ',vector[i,3],'
',vector [i ,4]);

writein (outfilevar);
writein (outfilevar,'INITIAL PKTS = ',init-_interferers);
writein (outfilevar,'FINAL PKTS = ',final-interferers);
writein (outfilevar,'MAX # PKTS = ',max-interferers);
writein (outfilevar,'MIN # PKTS = ),min...interferers);
writein (outfilevar,)NUM INTERVALS= ',num-_intervals);
writein (outfilevar);
writein (outfilevar, ---------------------

end;

init-realizationmatrix;

generate-.realizations (initinterferers,
maxjinterferers,

numn~intervals, mininterferers,
activematrix,

active-rnatrixjlength);



filter (active~matrixjlength, num-intervals,
final-interferers,

active-.matrix);

get..cj (active-matrix, activej-iatrixjlength,
max-interferers);

end;
end;

print-cj;
close (outfilevar);



APPENDIX B

DERIVATION OF THROUGHPUT EQUATION

FOR VARIABLE PACKET ALOHA

This appendix presents the derivation of the throughput equation for variable

packet Aloha with power capture.

As seen in Chapter 11 equation (2.9). the probability of a tagged packet success-

fully being transmitted is

Ps(X . ,,) =- " [l1- +jj f .1,)2-,-+1) [g(, -+ )~A~~
_+! 1 ]

Assign tie following ident it

,2 + g-" c.,( (B-2)
711 .1 =0

As described ii Cha per 11 equations (2.10) and (2.11). the conditional channel

departure rate and the cliannel throughput are given by the following:

(x', u) = g(x + u )p (X, U) (133)

S I f o(.r. u)a(,r)a(i)dxdu B.4)

Utilizing the binomial idenity

(.r +" B.5))
k )'=



and expanding the exponential term in (B.1), the equation for p,(x. u) can be rewit-

ten as

pC( ti) -9 Iz 1+ -Zh(n) k kun-k (B.6)

Expansion of p(x, u) in terms of ps(x, u) results in

O(X, 1,) = g(x + U)- -E9x 1 + Zh(,z) 7 )X kU'j (B.7)n=1 k=o ,k xu(B7

Multiplying produces

o(x. ) - [,.r. - , ' + g,,,-'" -]

+[ ~ +~ gil 9jj-3Ch(9 1 1 (1 71 ) xk~ (B3.8)
n=1 k=U (

U sing t his defi lit ion of o(,. U) ill tlw equat ion for S (B.4) produces two separate

double integrals. T'He first is equivalent to the equation (27) in Ref. 2. Assuming

thai t)(.) = 0. p. -) 0 and that the density function a(x) is exponential. tis

first terim for . is found inl Ref. 2 to be

The remaining double Integral remains to be eval uated. 'his term represents the

increase in tli roug p (11c to p ower cal)Ire. The term is written here as

, - x J j
, f f (fx ' ) .rku j a(.r)au)dxdn (1.10)

Manipulating tenirs iii thi( al)bove eqiat ion produces
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+jju6?-xZ( g ) 1 xkunk] a(x)a(u)dxdu(.1

Further collectici of like terms produces

S2 = -Zh(n){Z )J k+I -x a(x)dx Un-k Cqu (u)du

C- n~I a(u)dti * x C- a(x)dx} (B3.12)

Each of the individual integrals above can be solved using the following identity

[Ref. 5 :1). 310].

J P - n~dx (n + (B. 13)

Additionally. the following substitutions can be made because packet size Is as-

SUIIe(d to b)e exponentially distributed and because the quantity G is givon ini pack-

ets/average p~acket lenigthi.

a (x) (/F(B-14)

Combiniing the integral identity in equationi (B.1:3) with the definition of (2(x)

produces this solution for the first integral term in equation (B.12).

/ ( a(. )d~ - kx+1 -(tg+-)-rdx
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= (k + 1)!. 1)-(k+2)

(k + l)!( g+ 1 )(k+2)

(k +1-), + j)-(+2 (B.16)
- (k+ljG

The second term in equation (B.12) is evaluated in the same manner as above.

C unk6-ua(u)du = j un-ke-(g+ )udu

(a -k)! (g + )-(n k+l)

(i - k)!(Yi7+ 1 ) n +1) (B.17)

In this model. all packets come from the same distribution. therefore I i7. This

modifies the above equatioll.

f i-k ga(u)du k - ) (G + 1 )-, k+l) (B.1 )

The third integral ternl in equt ion (B.12) is reduced as follows

v_.+,_. ~ud (a - kI+ 1)!(C -I -k

k , +  1)!(G+ I)-("-  (B.19)

The tinal integr. A term is as follows

'x"t -9 a(x)dx -- (G + 1)-(k+ , (B.20)

The total throughpul of the system 's

=I + S2 (B.21)

Colleting equa t is (l3.q). (B.11). and (3.1()-(13.20) produces
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C; 1 h(t n! [(k h 1)! , )-(k+2)

(C'+ 1 )3 + -_) "= I: (n -k'! (k±1) ('-- )I k=O

(-k)! (G + 1 )(,k+,
(- k + 1)! iy "+ }5y (_+, G I- (n - k + 2 .(

+ (nk+) (G +- + I) - (k + l  (B.22)

This simplifies to

_- C 1 -  n [ )(G +I_ ( n
+ 3

)

(;+1) 3 + (7i)<(, I n!(k+ 1) -(n+l)
+ ) 71=1 =T

+ + 1 + i)-(+3) (B.23)

Further sinmplificatioi produces

CG 1 (G + I )-(n+3) i- 2
S ((;-+ 1): ± 7 g h(+) -(,+) - Y,( + 2) (B.24

- rl~lk=O

The final suIlinat oll iII the above equation is over the range of k 0 to x.

Because there are no k terir within the summation. the entire sununation reduces

to 7n!n(7i + 2). (omining termlis produces

- (" 1 ( (,) . g'_ ((7+ 1) -7 +3)(S +=) +  [C/ .(7+ [c ( )] ,! (+) ,,(, + 2)71! (B .25)
(G~~ + ~ 1P 1 7+2=0 71 y-nl

Combining terms and utilizing the identity G = gY produces the following solu-

tion for the throughput of variable packet Aloha with power capture.

__ _ _ I I -Kt(t+ 2)n+1 -713 \

(+ I.. + - .(7)G+(; 1)"+ 3 C 3 () (B-26)
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APPENDIX C

DERIVATION OF THROUGHPUT EQUATION

FOR SELECTIVE-REPEAT ALOHA

This appendix presents the derivation of the throughput equation for the variable

packet Aloha network with power capture and selective-repeat data link control

presented in Chapter 111.

From Chapter III equation (3.2), the probability of tagged packet success to be

Ps(S)=- -","+" [l  - f(?t )2- 1 '+ [g( m : rn)f '  1L = n! -1 C3(i) ((.27)
3
= 0

Thie conditional probability of successful minipacket transmission is given in equa-

lion (3.3) of Chapter III to be

q('.y) = 5 ()[1 - pI(7)][1 - P2(y)] (C.

:\lso given In ( liapter III is the conditional minipacket depart ure rate in the interval

of' 1 + I nfinipackel.s. This equatioi is rewritten here.

O, (:.y) = mg(z + 1)q(z.y) ((.29)

Equation (3.5) in ('hapter IlI gives the expression for the average minipacket through-

pu t and Is rewritten here.

S(.y)dy ((.30)
+
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The equation for minipacket throughput given above is now expanded to produce

the following:

+ = - [) p2 (y)]b(y)dy. + l)D(z)e-m

Ing[I - pi(m)JCm 9  
- Z)]by ~ z

z=1

+--mg[1 - pi(m) -m 9  [1 - p2(y)]b(y)dy ." f n +

I z=1 n=1

Z _[Cj(n)] (z + 1)D(z)e -rn g  (C.31)
•n j=O

where D(z) is the probability that a packet consists of z minipackets.

The first term in the above equation is the same as the equation waluated in

Ref. 2 equation (36). The resulting throughput equation for this term is given in

Ref. 2 equation (37b). Call this part of the total throughput 5 1. Then from Ref. 2.

S a,2(2 - v')[1 - pl(m] )(
z(T + 1)w 2(1 - r) 2

With the following definitions:

1
U = -(C.33)

rG-C (C.34)

G m g (C.35)

= 1 -p2(y)]b(y)dy (C.36)

Let S2 be the remaining term of the total throughput given in equation (C.31).

By separating ternis and noticing that [g(mz + m)] - (gin)" ( z + 1 )", S2 is rewritten

as

5:2



N[- n 1 )(g My, N 0

SIf(,n)2-(+ "-: [Cj(n)] (z "+1 D(z)e - " g (C.37)
1L n! 1)!Z~~,=j=O Z=1

As stated in Chapter III equation (3.7), assume that D(z) is geometrically dis-

tributed and is defined as follows:

D(:) Z-(1 - -1 (C.38)
z z

Utilizing the equations for G, D(z), and w the equation for S 2 can be written as

follows:

+I- _:_ [1 .f ,)- - +' Pi fl c. ) , :,

-" "" -- " " [C 3 (?)J ( + ]- )7+lul'z(') (C.39)
7i : 1.3=0 Z=:1

Assign the following i(,leii v:

h(o) C.,n2- ' + 1 - - ( 1?n ((C.40)

At this point. conisoli(]atc lhe exponential terms and divide out two of the w

terms to equaliz(t lihe exponents within the summation over z.

.S2 [ , i Y h (iintnv Z + 1)U+ I (+l ( 2 Z+ I (C'.41)

Assign the following id(eitities:

+ (z+1) (C.42)

t = (- + 1) (C.43)

This produce s tle following
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S2 [ - pi(, )]o a h( -)w- 2  k -'" (C'.44)
n=1 k=2

At this point, modify the summation over k such that the range is from k 1

to oc. To do this. subtract off from the total of the summation the value of the

summation for k = 1 which is r in this case. Therefore, the above equation is

changed to

G 2  1
S2 =- [I - p(m)cr h(n)w - j ktvk} - (C.45)

n=1

Given that jI'' < 1. use the following mathematical identity to solve the above

equation [Ref. 6: p. 1421.

t r-1Otc' I -1 ) '(t + I1)! .E r" E - 1)k  (7- (C4 (

k=1 ,=1 k=o IO t - k, + 1I!( .4;

('sing the above identity. the final form of kIS given as

S2 - I - Plm?)o" hite-Li+ ])nt-

_]_, k k -!(1 1- !CA

TLe total tlroughput for selective-repeat Aloha with power capture is giveI as

S = .51 + S2 (C.4S)
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APPENDIX D

ANALYTICAL AND NUMERICAL RESULTS FOR

NEAR/FAR EFFECT CAPTURE

This appendix provides the details of the analytical and numerical methods used

to determine the values for Pr{capturejn} in Chapter III. First, the derivation of

Pr{captzircKTi = 1} is provided. This is followed by a MATHCAD file which was

used to calculate capture for n = 2 and 3.

A. ANALYTICAL METHOD

The case of n = 1 is sufficiently simple to conduct a straightforward mathematical

derivation of the capture probability given the near/far effect. From Chapter IN' the

following is known:

z - (D.49)

2. _(2/o+l )  (D.50)

r y- (2 +1

For the case of n = 1, both y and x are defined between the values of r-  and

xo. Also from Chapter IV., equation (4.10). the definition of .fz(zln ) . From this

equation. it is clear that both yz and y must be greater than r-c, given the valid

ranges for .f. (x) and .fy(yjn ). This implies that for values of z greater than 1, the

valid range fot . y is y r,-1. lierefore. the equation for fz(zjn) with the proper

liiiits of iltegr ti(lj i
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fz(:l = 1) = j yfx(yz)fy(yln 1)dy (D.52)

CC, (y2)-r 27r y_ 2/o+ )dy (D53

aG - Y-(4/a+l)dy (D.54)
aG

22

Remembering that G= vrrma. gives us

fz(: = 1) = 1 -(2/a+) -4/o (D.56)
or 4  ITrax

(D.57)

To determine the capture probability from the above distribution. simply inte-

grate from the capt ure threshold . to infinity.

Pr{caplur i = 1) Pr{z > ")oln = 1} (D.58)

I . z (21 +l )dz (D.59)

-2/,

= Ko (D.60)
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B. NUMERICAL METHODS

This document is a MATHCAD file used to numerically calculate
the values of P{captureln} for values of n from 2 to 3. The
general approach is to use a numerical convolution to determine
the n'th convolution of f(y). These convolution results are
then used in numerical integrations to generate the P(captureln)
results.

Initialize and Define Variables

M 1 (M corresponds to r

c- 4 
max

2
G--rM

D 4 ( 2 < D < 32 sets the number of convolution points.)

i 0 ..32.D - 1

2.i + 1
V

i 2-D

[or --0
f(t) -- t • 1 (10 - t) - LM - t 1

o-G

h(t) f(t)
f(t) corresponds to £(w) in the model

p(t) -- f(t)

The following equation performs a discrete convolution on the
functions defined as X and Y.

conv(X,Y) icfft[16.D. (cfft(X) cfft(Y))
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Step 1. Convolve f(t) with itself to get f(yln=2) (call this
C) and plot the resulting functions.

C cony [h (v) ,p(v)J

0.5 0.5

h []p rV 1

0 0
0 V 40 0 v 40

i i

0.06

C
i

-0.01 0 v4

Step 2. Convolve f(yln=2) with f(t) to get f(yln=3) (called
D) and plot the relulting function.

D = conv -- v),'

0.02

D
i

-0.01
0 v 40

i

Step 3. Continue in the above manner for as many cases of
f(yjn) as needed.



Step 4. Calculate f(zln) using a linear interpolation of
the numerical value for f(yin).

[; 1~+] .30 -4[]
f(z) 2.- z y .linterp(v,C,y) dy

(G I -(
S2M

Step 5. Calculate the capture probability given n known
interferers by integrating f(zln) (f(z) in this
example) from the capture threshold (3 in this
example) to a maximum usefull limit which is
determined by the range of values for which f(yln)
is valid. In this case, 30 is the upper limit.

30
Z f f(z) dz

Z - 0.057

Step 6. Continue on in the same manner as above to
calculate the capture probability for different
values of n. The following equation defines f(zln)
for the case where n=3.

g(h) := 2- -h y lintep(v,D,y) dy
c.G --(

3-M

30
H := g(h) dh This equation calculates P(captureln=3)

H = 0.022
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